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ABELIAN ENDOREGULAR MODULES
MAURICIO MEDINA-BA´RCENAS AND HANNA SIM
Abstract. In this paper, we introduce the notion of abelian endoregular modules as those
modules whose endomorphism rings are abelian von Neumann regular. We characterize an
abelian endoregular module M in terms of its M -generated submodules. We prove that if
M is an abelian endoregular module then so is every M -generated submodule of M . Also,
the case when the (quasi-)injective hull of a module as well as the case when a direct sum
of modules is abelian endoregular are presented. At the end, we study abelian endoregular
modules as subdirect products of simple modules.
Introduction
Von Neumann Regular rings have been an active topic in ring theory since they were
introduced. An intrinsic study of these rings can be found, in full detail in Goodearl’s
book [11]. Among von Neumann regular rings there are subclasses of interest in their own.
Some of such classes are the unit regular rings and the strongly regular rings. Recall that a
ring R is von Neumann regular if for any r ∈ R there exists x ∈ R such that rxr = r; if x can
be chosen as a unit then R is called unit regular; and if r2x = r then R is called strongly
regular. Strongly regular rings where named by Arens and Kaplansky [1]. They proved
that a strongly regular ring is von Neumann regular an every one sided ideal is two sided.
Forsythe and McCoy [8] showed that a strongly regular ring is a von Neumann regular ring
such that all idempotents are central. Recall that a ring R is called abelian provided that
every idempotent in R is central. In [11, Theorem 3.5] can be found a proof that a ring
is strongly regular if and only if it is an abelian von Neumann regular ring. Azumaya in
1948 characterized modules whose endomorphism rings are von Neumann regular as those
modulesM such that Kerϕ ≤⊕ M and Imϕ ≤⊕ M for all ϕ ∈ EndR(M) [3]. Recently, these
kind of modules have been studied in detail, such modules are called endoregular, and many
properties are discussed in [12]. Later in [23] the modules whose endomorphism rings are
unit regular rings were presented. Now, in this manuscript, we deal with the analogous case
for abelian regular rings. We call a moduleM abelian endoregular if EndR(M) is an abelian
regular ring. We study an abelian endoregular module M , looking at its M -generated
submodules. We prove that direct summands of abelian endoregular modules inherit the
property (Corollary 2.7), moreover if M is an abelian endoregular module then every M -
generated submodule of M inherits the property (Theorem 2.16). Also, we characterize
direct sums of abelian endoregular modules (Proposition 2.17). In the ring case, an abelian
regular ring is characterized as a regular ring which is a subdirect product of division rings,
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here we study the analogous module-theoretic result. If M is a quasi-duo endoregular
module which is a subdirect product of simple modules then M is abelian endoregular
(Proposition 3.1). In order to find the converse, we make use of the concept of (resp.,
semi)prime submodule introduced by Raggi et.al., in (resp., [15]) [14] with the product of
submodules defined in [4].
This paper is divided as follows: Section 1 concerns to the preliminary background to
make this work self-contained as much as possible. In these preliminaries we recall the
definition of a product of submodules given in [4] and the definitions of prime and semiprime
submodules given in [14] and [15] respectively. Looking for examples to illustrate and
delimit our results we make a brief exposition of incidence algebras. We prove that given
a module M with some properties over a ring R, the endomorphism ring of M over R
and the endomorphism ring of M (X) as module over the incidence algebra I(X,R) are
isomorphic, where X denotes a preordered set (Proposition 1.10). In Section 2 we extend
some results which are presented in [11, Ch. 3] to the module case. We characterize an
abelian endoregular module M as an endoregular module such that every M -generated
submodule is fully invariant (Proposition 2.9). Also, we characterize the direct sums of
abelian endoregular modules (Proposition 2.17). At the end of Section 2 we present the
case when the (quasi-)injective hull of a module is abelian endoregular (Theorem 2.24).
Section 3 presents abelian endoregular modules as subdirect products of simple modules.
We show when a subdirect product of simple modules is abelian endoregular and vise versa
(Proposition 3.1 and Theorem 3.6). We finish the paper with a connection between abelian
endoregular modules and cosemisimple modules (Proposition 3.9).
1. Preliminaries
Throughout the paper R denotes an associative ring with identity. All R-modules are
unitary right R-modules. For a submodule N of a module M we use the notation N ≤M
and if N is a direct summand we write N ≤⊕ M . If X is a set, M (X) means the direct sum
of |X| copies of M ; if X is finite, say |X| = n we write M (n). Recall that a submodule N
of M is fully invariant (N ≤fi M) if ϕ(N) ⊆ N for all ϕ ∈ EndR(M).
The next lemma will be used without mention in many results along the paper.
Lemma 1.1. Let ρ : M → N be an epimorphism and L ≤ N . If ρ−1(L) ≤⊕ M then L is
a direct summand of N .
Proof. SupposeM = ρ−1(L)⊕K. Since ρ is an epimorphism N = L+ρ(K). If x ∈ L∩ρ(K),
then there exists k ∈ K such that x = ρ(k) and since x ∈ L, k lies in ρ−1(L). Thus
k ∈ ρ−1(L) ∩K = 0, that implies x = 0. Therefore N = L⊕ ρ(K). 
Recall that a module M is said to be endoregular [12] if EndR(M) is a von Neumann
regular ring.
Proposition 1.2 (Theorem 16, [3]). Let M be a module and S = EndR(M). Let ϕ ∈ S be
any element. Then, Kerϕ ≤⊕ M and Imϕ ≤⊕ M if and only if there exists ψ ∈ S such
that ϕψϕ = ϕ. Consequently, M is endoregular if and only if Kerϕ and Imϕ are direct
summands of M .
Proposition 1.3. Let M be an endoregular module.
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(1) If ϕ : M (n) → M (ℓ) is a homomorphism with n, ℓ > 0 then, Kerϕ ≤⊕ M (n) and
Imϕ ≤⊕ M (ℓ).
(2) For any direct summand M ′ ≤⊕ M , any submodule N ≤M and any homomorphism
ϕ : M ′ → N , Kerϕ ≤⊕ M ′ and Imϕ ≤⊕ N .
Proof. It follows from [12, Proposition 3.4, Theorem 3.6 and Corollary 3.15] 
A module M is said to have summand sum property (SSP), if the sum of any two direct
summands is a direct summand of M . The moduleM is said to have summand intersection
property (SIP), if the intersection of two direct summands is a direct summand of M .
Lemma 1.4. If M is an endoregular module then M has SSP and SIP.
Proof. In [9, Lemma 2.1] it is proved if given idempotents e, f ∈ EndR(M) such that
Im(ef) ≤⊕ M (resp., Ker(ef)) then M satisfies SSP (resp., SIP). 
Definition 1.5. Let M be a module. A module N is said to be (finitely) M -generated if
there exists an epimorphism M (I) → N for some index set I (resp., M (n) → N for some
n > 0).
Proposition 1.6. Let M be an endoregular module and N ≤ M . Then, N is finitely
M -generated if and only if N is a direct summand of M .
Proof. Suppose that N ≤ M is finitely M -generated. Hence, there exists an epimorphism
ρ : M (n) → N for some n > 0. Thus, N = Im ρ ≤⊕ M by Proposition 1.3. The converse is
clear. 
Since we are interested in the endomorphism ring of a given module, we will present a
short exposition on incidence algebras which will help us to find examples which satisfy our
desire conditions. For the notation and terminology, the reader is referred to [7] and [17].
Definition 1.7. Given x and z in a preordered set (X,R), the interval or segment from x
to z is {y ∈ X | xRyRz} and is denoted by [x, z]. A preordered set (X,R) is locally finite
if every segment of X is finite.
Definition 1.8. The incidence algebra I(X,A) of the locally finite preordered set (X,R)
over the commutative ring A with identity is
I(X,A) = {f : X ×X → A | f(x, y) = 0 if (x, y) /∈ R}
with operations given by
(f + g)(x, y) = f(x, y) + g(x, y)
(fg)(x, y) =
∑
xRzRy
f(x, z)g(z, y)
(r · f)(x, y) = rf(x, y)
for f, g ∈ I(X,A) with r ∈ A and x, y, z ∈ X.
Definition 1.9. A preordered set (X,R) is upper finite if the set {y ∈ X | xRy} is finite
for every x ∈ X.
4 MAURICIO MEDINA-BA´RCENAS AND HANNA SIM
Let (X,R) be an upper finite preordered set and A be a commutative ring with identity.
For every right A-moduleMA, we consider M(X) =M
(X) as abelian group. If R = I(X,A)
is the incidence algebra of X over the ring A then, M(X) is a right R-module with action
(mx)x∈Xf =
∑
x∈X
(mxf(x, y))y∈X ,
for (mx)x∈X ∈M(X) and f ∈ R.
Notation: For xRy, denote by exy ∈ R the element in I(X,A) such that exy(x, y) = 1 and
0 otherwise.
Proposition 1.10. Let (X,R) be an upper finite preordered set with an element w ∈ X
such that wRx for all x ∈ X. Let R = I(X,A) be the incidence algebra of X over the
commutative ring with identity A and let MA be a right A-module. If one of the following
conditions is satisfied,
(1) MA is cyclic.
(2) MA = AS
−1, the ring of fractions of A with respect to a multiplicative closed set S.
Then EndA(M) ∼= EndR(M(X)).
Proof. Let δxy denote the Kronecker’s delta. Considerm ∈M and w ∈ X such that wRx for
all x ∈ X. Let Φ ∈ EndR(M(X)) be any element. Set Φ((δwxm)x∈X) = (nx)x∈X ∈M(X).
Then,
(1.1)
Φ((δwxm)x∈X) = Φ((δwxm)x∈Xeww) = Φ((δwxm)x∈X)eww = (nx)x∈Xeww = (δwxnw)x∈X .
Since wRy for all y ∈ X, we have
(1.2)
Φ((δyxm)x∈X) = Φ((δwxm)x∈Xewy) = Φ((δwxm)x∈X)ewy = (δwxnw)x∈Xewy = (δyxnw)x∈X .
For (1), suppose MA = mA for some m ∈ M . Let (mx)x∈X ∈ M(X) and Φ ∈
EndR(M(X)) be any endomorphism. Then, (mx)x∈X = (max)x∈X for some ax ∈ A and by
(1.2), for all y ∈ X, Φ((δyxm)x∈X) = (δyxn)x∈X for some n ∈M . Hence,
Φ((max)x∈X) =
∑
x∈X
Φ((δxym)y∈Xexxax) =
∑
x∈X
Φ((δxym)y∈X)exxax
=
∑
x∈X
(δxyn)y∈Xexxax = (nax)x∈X .
Define ϕ ∈ EndA(M) such that ϕ(m) = n, then Φ((mx)x∈X) = (ϕ(mx))x∈X . It is clear
that for given ϕ ∈ EndA(M), we have an endomorphism Φ ∈ EndR(M(X)) defined as
Φ((mx)x∈X) = (ϕ(mx))x∈X . Thus EndA(M) ∼= EndR(M(X)).
For (2), suppose MA = AS
−1 for some multiplicative closed set S ⊆ A. Let Φ ∈
EndR(M(X)) be any endomorphism. By (1.1) and (1.2), Φ((δwx1)x∈X) = (δwxq)x∈X
for some q ∈ M and Φ((δyx1)x∈X) = (δyxq)x∈X for every y ∈ X. Let b ∈ S. Set
Φ((δwxb
−1)x∈X) = (nx)x∈X ∈M(X). By (1.1) Φ((δwxb
−1)x∈X) = (δwxnw)x∈X then,
(δwxq)x∈X = Φ((δwx1)x∈X) = Φ((δwxb
−1b)x∈X) = Φ((δwxb
−1)x∈Xewwb) = Φ((δwxb
−1)x∈X)ewwb
= (δwxnw)x∈Xewwb = (δwxnwb)x∈X .
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Hence, b−1q = nw. Note that, for w 6= x ∈ X
(δxynx)y∈X = (nx)x∈Xexx = Φ((δwyb
−1)y∈Xexx) = 0.
Thus, Φ((δwxb
−1)x∈X) = (δwxb
−1q)x∈X . Let (mx)x∈X be any element in M(X). Then
mx = axb
−1
x for some ax ∈ A and bx ∈ S. Therefore,
Φ((mx)x∈X) =
∑
x∈X
Φ((δxymx)y∈X) =
∑
x∈X
Φ((δxyb
−1
x )y∈Xexxax) =
∑
x∈X
Φ((δwyb
−1
x )y∈X)ewxexxax
=
∑
x∈X
(δwyb
−1
x q)y∈Xewxexxax = (qmx)x∈X .
Hence Φ is completely determined by q. Thus, EndR(M(X)) ∼= AS
−1 ∼= EndA(M). 
What follows will be needed for Section 3. We will recall a product of submodules of a
given module and some concepts related with this product such as prime and semiprime
submodules.
In [4] was introduced a product of modules. Let M and N be modules. Given K ≤ M ,
the product of N and K is defined as
NMK =
∑
{f(K) | f ∈ HomR(M,N)}.
We can see that if M is an R-module and I is a right ideal of R then MI = MRI. For
more properties of this product see [6, Proposition 1.3].
Definition 1.11. A proper fully invariant submodule N of M is called prime in M [14]
if KML ⊆ N , then K ⊆ N or L ⊆ N for any fully invariant submodules K,L of M . The
submodule N is called semiprime in M [15] if KMK ⊆ N , then K ⊆ N for any fully
invariant submodule K of M . The module M is called a (resp., semi)prime module if 0 is
a (resp., semi)prime submodule in M . The set of all prime submodules of M is denoted by
Spec(M).
Recall that a module M is said to be quasi-projective (M -projective) if for every epimor-
phism π : M → N and every homomorphism f : M → N there exists an endomorphism
g : M → M such that πg = f . Analogously, M is M -injective if for every monomor-
phism η : N → M and every homomorphism f : N → M there exists an endomorphism
g :M →M such that gη = f .
Proposition 1.12. Let M be a module and N a proper fully invariant submodule of M .
Then,
(1) If N is (resp., semi)prime in M then M/N is a (resp., semi)prime module.
(2) If M is quasi-projective and M/N is a (resp., semi)prime module then N is (resp.,
semi)prime in M .
Proof. [14, Proposition 18] and [15, Proposition 13]. 
Lemma 1.13. Let M be quasi-projective. If N is fully invariant such that N is maximal
in the lattice of fully invariant submodules of M then N is prime in M .
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Proof. Since N is maximal in the lattice of fully invariant submodules of M , then M/N
has no nontrivial fully invariant submodules. It follows that M/N is a prime module. By
Proposition 1.12, N is prime in M . 
2. Abelian Endoregular Modules
Definition 2.1. An R-module M is called abelian endoregular if EndR(M) is an abelian
von Neumann regular ring.
Example 2.2. (i) R is an abelian von Neumann regular ring if and only if RR is an
abelian endoregular module.
(ii) Consider the Z-module QZ. We have that EndZ(Q) = Q. Hence, QZ is an abelian
endoregular module.
(iii) Let K be a field. Let R =
∏∞
i=1Ki with Ki = K. Then, the ideal
⊕∞
i=1Ki is an
abelian endoregular R-module because R = EndR(
⊕∞
i=1Ki).
(iv) If {Si}i∈I is a family of simple modules nonisomorphic in pairs, then M =
⊕
i∈I Si
is abelian endoregular (see Proposition 2.17). Moreover
∏
i∈I Si is an abelian en-
doregular module. For, note that EndR(
∏
i∈I Si)
∼=
∏
i∈I EndR(Si).
(v) Let K be a field and A be a hereditary K-algebra. Then every indecomposable
projective A-module is abelian endoregular. It follows from the fact that if P is an
indecomposable projective A-module then EndA(P ) = K [2, Ch.VII Corollary 1.5].
Example 2.3. Let (X,≤) be the partial ordered set
4
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Then, R = I(X,Z) ∼=
(
Z Z Z Z
0 Z 0 Z
0 0 Z Z
0 0 0 Z
)
(see [17, Proposition 1.2.7]). Hence, EndR(Q(4)) ∼= Q, by
Proposition 1.10. Thus, the right R-module Q(4) is an abelian endoregular module.
Proposition 2.4. Let (X,R) be an upper finite preordered set with an element w ∈ X such
that wRx for all x ∈ X. Let R = I(X,A) be the incidence algebra of X over the ring A
and let MA be a cyclic right A-module. If MA is an abelian endoregular module then so is
M(X)R.
Proof. It follows from Proposition 1.10. 
The following propositions which characterize abelian endoregular modules were proved
in [12].
Proposition 2.5 (Proposition 2.22, [12]). The following conditions are equivalent for a
module M :
(a) M is abelian endoregular.
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(b) M = Kerϕ⊕ Imϕ for any ϕ ∈ EndR(M).
Corollary 2.6 (Corollary 2.24, [12]). The following conditions are equivalent for a module
M and e2 = e ∈ EndR(M):
(a) eM is abelian endoregular.
(b) M = Ker(eϕe) ⊕ Im(eϕe) for any ϕ ∈ EndR(M).
Corollary 2.7. Let M be an abelian endoregular module. Then every direct summand of
M is abelian endoregular.
Proof. Let N ≤⊕ M . There exists an idempotent e ∈ EndR(M) such that eM = N .
Consider eϕe with ϕ ∈ EndR(M). SinceM is abelian endoregular,M = Ker(eϕe)⊕Im(eϕe)
by Proposition 2.5. Hence eM = N is abelian endoregular by Corollary 2.6. 
Given a two-sided ideal I of a ring R, it is said I is regular if for any x ∈ I there exists
y ∈ I such that xyx = x. It is known that R is von Neumann regular if and only if I and
R/I are regular. It is also known that if R is abelian regular and I is a two-sided ideal of
R then R/I is an abelian regular ring. In the next proposition we write down last ideas in
the module-theoretic context.
Proposition 2.8. Let M be a quasi-projective module and N be a fully invariant submodule
of M . The following conditions are equivalent:
(a) M is abelian endoregular.
(b) M/N is abelian endoregular and for any ϕ ∈ HomR(M,N), Kerϕ and Imϕ are
direct summands of M and N = (Kerϕ ∩N)⊕ Imϕ .
Proof. Given any ϕ ∈ EndR(M), ϕ defines an endomorphism ϕ ∈ EndR(M/N) because
N is fully invariant. Hence we have a ring homomorphism Θ : EndR(M) → EndR(M/N)
given by Θ(ϕ) = ϕ. Note that KerΘ = HomR(M,N) and Θ is surjective because M is
quasi-projective.
(a)⇒(b) Let ϕ : M → N be any homomorphism. By Proposition 2.5, M = Kerϕ⊕ Imϕ.
It follows that N = (Kerϕ ∩ N) ⊕ Imϕ. Since Θ is surjective, EndR(M/N) is an abelian
regular ring. Thus M/N is an abelian regular module.
(b)⇒(a) Let ϕ ∈ HomR(M,N). Since Kerϕ and Imϕ are direct summands of M , there
exists ψ ∈ EndR(M) such that ϕψϕ = ϕ by Proposition 1.2. Note that ψϕψ ∈ HomR(M,N)
because N is fully invariant in M . Hence ϕ(ψϕψ)ϕ = ϕ. This implies that the two-sided
ideal HomR(M,N) of EndR(M) is regular. Since EndR(M/N) ∼= EndR(M)/HomR(M,N)
is a von Neumann regular ring, EndR(M) is a von Neumann regular ring. Now, let ϕ ∈
EndR(M) such that ϕ
2 = 0. Hence 0 = Θ(ϕ2) = Θ(ϕ)2. Since EndR(M/N) is abelian
regular, EndR(M/N) has no nonzero nilpotent elements [11, Theorem 3.2]. Hence Θ(ϕ) = 0
and so, ϕ ∈ HomR(M,N). Therefore Imϕ ⊆ Kerϕ ∩N because ϕ
2 = 0. By hypothesis we
have that N = (Kerϕ∩N)⊕ Imϕ. Hence, Imϕ = 0. Thus, EndR(M) is a regular ring with
no nonzero nilpotents elements, that is, EndR(M) is an abelian regular ring by [11, Theorem
3.2]. Hence M is an abelian endoregular module. 
In the next proposition we characterize an abelian endoregular module M in terms of
those submodules which are generated by M .
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Proposition 2.9. The following conditions are equivalent for a module M :
(a) M is abelian endoregular.
(b) M is endoregular and every M -generated submodule of M is fully invariant.
Proof. (a)⇒(b) By hypothesis M is endoregular. Let N be an M -generated submodule
of M and set S = EndR(M). Consider the right ideal HomR(M,N) of S. Since S is
an abelian regular ring, HomR(M,N) is a two-sided ideal by [11, Theorem 3.2]. This
implies that HomR(M,N)M is a fully invariant submodule of M . Since N is M -generated,
N = HomR(M,N)M . Thus, N is fully invariant.
(b)⇒(a) Let e ∈ S be an idempotent. By hypothesis eM is fully invariant. Let ϕ ∈ S.
Then ϕe(M) ≤ eM . This implies that eϕe = ϕe. Hence, (1 − e)ϕe = (1 − e)eϕe = 0.
Thus (1− e)Se = 0. By [11, Lemma 3.1] e is a central idempotent. Therefore, M is abelian
endoregular. 
Corollary 2.10. Every direct summand of an abelian endoregular module is fully invariant.
The following proposition extends [11, Theorem 3.4].
Proposition 2.11. The following conditions are equivalent for an endoregular module M :
(a) M is an abelian endoregular module.
(b) Two isomorphic M -generated submodules of M are equal.
(c) For an M -generated submodule B of M such that B ⊕B embeds in M , B = 0.
(d) For two M -generated submodules A,B of M such that A∩B = 0, HomR(A,B) = 0.
(e) The lattice of direct summands of M is distributive.
Proof. (a)⇒(b) LetN andK be two nonzeroM -generated submodules ofM and let θ : N →
K be an isomorphism. Since N is M -generated, HomR(M,N) 6= 0. Let 0 6= ϕ : M → N .
Set A = ϕ(M) ≤ N and B = θ(A) ≤ K. Hence, A ∼= B. Since A is finitely M -generated,
A ≤⊕ M (Proposition 1.6). Therefore, there exists an idempotent e ∈ EndR(M) such that
A = eM . Analogously there exists an idempotent f ∈ EndR(M) such that B = fM . Note
that (θe)M = fM and (θ−1f)M = eM . Since M is abelian endoregular, we have
f = θe = θee = eθe = ef and;
e = θ−1f = θ−1ff = fθ−1f = fe = ef.
Thus, e = f . This implies ϕ(M) = A = eM = fM = B ≤ K and soN = HomR(M,N)M ≤
K. Analogously, K ≤ N . Thus N = K.
(b)⇒(c) It is clear.
(c)⇒(d) Suppose HomR(A,B) 6= 0 and let 0 6= ϕ : A→ B. Since A isM -generated, there
exists ψ :M → A such that ϕψ 6= 0 and ψ(M) ≤⊕ M . We haveM is an endoregular module,
then by Proposition 1.3 Kerϕ∩ψ(M) ≤⊕ ψ(M), that is, ψ(M) = (Kerϕ∩ψ(M))⊕C with
C ∼= ϕψ(M). Thus,
C ⊕ C ∼= C ⊕ ϕψ(M) ≤ A⊕B ≤M.
By hypothesis, C = 0. A contradiction. Thus HomR(A,B) = 0.
(d)⇒(a) Set S = EndR(M) and let e ∈ S be an idempotent. Then M = eM ⊕ (1− e)M .
We have that
HomR(eM, (1 − e)M) = (1− e)Se.
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By hypothesis HomR(eM, (1 − e)M) = 0, hence e is central by [11, Lemma 3.1].
(a)⇔(e) The proof of (a)⇔ (e) in [11, Theorem 3.4] works here. 
Recall that a module M is said to be unit endoregular if EndR(M) is a unit regular ring.
In [23] were introduce these modules and many properties were presented. It is clear that
every abelian endoregular module is unit endoregular since abelian regular rings are unit
regular. The next propositions provide a partial converse.
Proposition 2.12. Let M be a unit endoregular module. If M = Imϕ + Kerϕ for any
ϕ ∈ EndR(M), then M is an abelian endoregular module.
Proof. By [23, Theorem 16] and hypothesis for any ϕ ∈ EndR(M),
Imϕ ∩Kerϕ ∼=M/(Imϕ+Kerϕ) ∼= 0.
Hence M is an abelian endoregular module by Proposition 2.5. 
Proposition 2.13. Let M be a unit endoregular module. If any idempotent in EndR(M)
commutes with all isomorphisms of M , then M is an abelian endoregular module.
Proof. Let N and K be two nonzero M -generated submodules of M and let θ : N → K be
an isomorphism. Since N is M -generated, HomR(M,N) 6= 0. Let 0 6= ϕ : M → N . Set
A = ϕ(M) ≤ N and B = θ(A) ≤ K. Hence, A ∼= B. Since A is finitely M -generated, A ≤⊕
M . Therefore, there exists an idempotent e ∈ EndR(M) such that A = eM . Analogously
there exists an idempotent f ∈ EndR(M) such that B = fM . Since any unit endoregular
module satisfy the internal cancellation property, then u−1eu = f for some isomorphism
u ∈ EndR(M) (See, [23, Remark 12]). By assumption,
e− f = e− u−1eu = u−1ue− u−1eu = u−1(ue− eu) = 0.
Thus, e = f . This implies ϕ(M) = A = eM = fM = B ≤ K and soN = HomR(M,N)M ≤
K. Analogously, K ≤ N . Thus N = K. By Proposition 2.11, M is an abelian endoregular
module. 
Remark 2.14. If M is an abelian endoregular module, then M has SIP and SSP (Lemma
1.4). That is the set of direct summands (finitelyM -generated submodules) ofM is a lattice.
Moreover this lattice is complemented and distributive by Proposition 2.11, in other words
it is a Boolean algebra.
Lemma 2.15. Let M be a module and L be a fully invariant direct summand of M . If
L ≤ N ≤M then L is fully invariant in N .
Proof. LetN be a submodule ofM containing L and α : N → N be any endomorphism ofN .
Since L is a direct summand of M there exists a left semicentral idempotent e ∈ EndR(M)
such that eM = L. Since L ⊆ N we can consider e : M → N . Let ι : N → M denote
the canonical inclusion. Hence ιαe : M → M . Since e is a left semicentral idempotent,
ιαe = (ιαe)e = e(ιαe)e. Thus
α(L) = ια(L) = ιαe(M) = e(ιαe)e(M) ⊆ e(M) = L.
Therefore, L is fully invariant in N . 
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Theorem 2.16. Let M be an abelian endoregular module and N be an M -generated sub-
module of M . Then N is an abelian endoregular module.
Proof. Let I = HomR(M,N). Then N =
∑
{f(M) | f ∈ I}. Since M is an endoregular
module, f(M) ≤⊕ M for every f ∈ I, moreover f(M) is fully invariant in N by Lemma
2.15. Let f, g ∈ I. Since M is endoregular, there exists an idempotent e ∈ S such that
eM = f(M) + g(M) (Lemma 1.4). Note that f(M) + g(M) ≤ N , hence e ∈ I. Therefore,
J := {f(M) | f ∈ I} is a directed poset. We have that f(M) is fully invariant direct
summand of M , so if f(M) ≤ g(M) then f(M) is fully invariant in g(M) by Lemma 2.15.
Hence, there exists a ring homomorphism EndR(g(M))→ EndR(f(M)) given by restriction.
We claim that
lim
←−
f(M)∈J
EndR(f(M)) ∼= EndR(N).
Let A be a ring with ring homomorphisms {πf : A→ EndR(f(M)) | f(M) ∈ J }. Consider
the following diagram:
A
πg
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
πf

✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼✼
✼
λ

✤
✤
✤
✤
✤
✤
EndR(N)
|gww♣♣♣
♣♣♣
♣♣♣
♣♣
|f ''❖❖
❖❖❖
❖❖❖
❖❖❖
End(g(M))
|
// EndR(f(M))
Suppose that | ◦πg = πf whenever f(M) ≤ g(M). Let a ∈ A and
∑ℓ
i=1 fi(mi) ∈ N = IM .
Define λ(a) : N → N as
λ(a)(n) = λ(a)
(
ℓ∑
i=1
fi(mi)
)
=
ℓ∑
i=1
πfi(a) (fi(mi)) ∈ N.
Suppose
∑ℓ
i=1 fi(mi) = 0. Since J is directed, there exists g ∈ I such that fi(M) ⊆ g(M)
for all 1 ≤ i ≤ ℓ and so 0 =
∑ℓ
i=1 fi(mi) = g(m) for some m ∈M . Then
0 = πg(a)(g(m)) = πg(a)
(
ℓ∑
i=1
fi(mi)
)
=
ℓ∑
i=1
πg(a)(fi(mi)) =
ℓ∑
i=1
| ◦πg(a)(fi(mi))
=
ℓ∑
i=1
πfi(a)(fi(mi)) = λ(a)
(
ℓ∑
i=1
fi(mi)
)
.
Then, λ(a) is well defined for all a ∈ A. It is clear that λ is a homomorphism of abelian
groups. Let a, b ∈ A and n =
∑ℓ
i=1 fi(mi) ∈ N be arbitrary. Since J is directed, there
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exists g ∈ I such that fi(M) ⊆ g(M) for all 1 ≤ i ≤ ℓ and so n =
∑ℓ
i=1 fi(mi) = g(m) for
some m ∈M . Then
λ(a)λ(b)(n) = λ(a)λ(b)(g(m)) = λ(a) (πg(b)(g(m))) = πg(a)πg(b)(g(m)) = πg(ab)(g(m))
= λ(ab)(g(m)) = λ(ab)(n).
Thus, λ is a ring homomorphism and it is clear that |g ◦λ = πg. Now, if there exists
another ring homomorphism η : A→ EndR(N) such that |g ◦η = πg then
λ(a)(g(m)) = πg(a)(g(m)) =|g ◦η(a)(g(m)) = η(a)(g(m)).
for all a ∈ A and all g(m) ∈ N . Thus λ is unique, proving our claim.
By Corollary 2.7, EndR(f(M)) is an abelian regular ring. Thus EndR(N) is an abelian
regular ring by [11, Proposition 3.6]. Hence, N is an abelian endoregular module. 
We have that every direct summand of an abelian endoregular module is an abelian
endoregular module (Corollary 2.7), but in general the direct sum of two abelian endoregular
modules is not. As an example we can consider the endoregular Z-module, M = Q ⊕ Q
(see [12, Corollary 3.15]). Note that Q⊕ 0 is M -generated but is not fully invariant in M .
Hence M is not abelian endoregular (Proposition 2.9). Next proposition characterize the
direct sums of abelian endoregular modules.
Proposition 2.17. Let {Mi}i∈I be a family of modules. Then,
⊕
i∈I Mi is abelian en-
doregular if and only if Mi ≤fi
⊕
i∈I Mi and Mi is an abelian endoregular module for all
i ∈ I.
Proof. Suppose
⊕
i∈I Mi is an abelian endoregular module. Hence, Mi is an abelian en-
doregular module for all i ∈ I by Corollary 2.7, and Mi is fully invariant in
⊕
i∈I Mi
by Proposition 2.9. Conversely, since each Mi is an endoregular module then
⊕
i∈I Mi is
endoregular by [12, Proposition 3.20]. Let ϕ = (ϕij) :
⊕
i∈I Mi →
⊕
i∈I Mi be an endomor-
phism where ϕij :Mj →Mi. Since Mi ≤fi
⊕
i∈I Mi for all i ∈ I, Kerϕ =
⊕
i∈I Kerϕii and
Imϕ =
⊕
i∈I Imϕii. By Proposition 2.5 Mi = Kerϕii ⊕ Imϕii. It follows that⊕
i∈I
Mi =
⊕
i∈I
(Kerϕii ⊕ Imϕii) =
⊕
i∈I
Kerϕii ⊕
⊕
i∈I
Imϕii = Kerϕ⊕ Imϕ.
Thus,
⊕
i∈I Mi is an abelian endoregular module by Proposition 2.5. 
Corollary 2.18. Let M =
⊕
i∈I Qi be a direct sum of nonisomorphic indecomposable
nonsingular injective modules. Then M is abelian endoregular.
Proof. Let ϕ : Qi → Qj be a nonzero homomorphism. Since Qi is uniform and Qj is
nonsingular, ϕ is a monomorphism. Since Qi is injective and Qj is indecomposable, ϕ is an
isomorphism. Then HomR(Qi, Qj) = 0 if i 6= j and EndR(Qi) is a division ring for every
i ∈ I. By Proposition 2.17, M is abelian endoregular. 
Corollary 2.19. Let M be a torsion-free module over a commutative domain R. Then M
is abelian endoregular if and only if M is R-isomorphic to the field of fractions of R.
Proof. In [12, Lemma 4.21] is proved that, under these conditions, M is endoregular if and
only ifM is R-isomorphic to a direct sum of copies of the field of fractions Q of R. Therefore,
M is abelian endoregular if and only if M ∼= Q as R-modules by Proposition 2.17. 
12 MAURICIO MEDINA-BA´RCENAS AND HANNA SIM
Recall that a module M is said to be retractable if HomR(M,N) 6= 0 for each nonzero
submodule N of M . A module M is polyform if for any submodule K of M and any
0 6= ϕ : K → M , Kerϕ is not essential in K [22]. A similar notion is that of K-nonsigular
modules. A module M is K-nonsingular if for all 0 6= ϕ ∈ EndR(M), Kerϕ is not essential
inM [16]. It is a fact that every endoregular module is K-nonsingular (see Proposition 1.3).
The concepts of polyform and K-nonsingular modules generalize that of nonsingular ring.
It is easy to see that every polyform module is K-nonsingular. The converse is not true in
general. For, consider the Z-module Q ⊕ Zp with p a prime number. Note that Q ⊕ Zp is
abelian endoregular by Proposition 2.17 and so it is K-nonsingular. The homomorphism
ϕ : Z ⊕ Zp → Q ⊕ Zp given by ϕ(n, m¯) = (0, n¯) has essential kernel, hence Q ⊕ Zp is not
polyform. However, there are cases when polyform and K-nonsingular modules coincide.
Let M̂ = HomR(M,E(M))M be the trace of M into its injective hull E(M) in R-Mod,
that is, M̂ is the greatest M -generated submodule of E(M). In [21] it is proved that M̂ is
a quasi-injective module and it is an essential extension of M . Moreover, polyform modules
are characterized as those modules M such that M̂ is endoregular.
Lemma 2.20 (11.1, [22]). The following conditions are equivalent for a module M :
(a) M is polyform.
(b) M̂ is an endoregular module.
Lemma 2.21. Consider the following conditions for a module M :
(1) E(M) is K-nonsingular;
(2) M̂ is K-nonsingular.
(3) M is polyform.
(4) M̂ is polyform.
Then (1)⇒(2)⇔(3)⇔(4). If M is not contained in Kerϕ for all ϕ ∈ EndR(E(M)) then the
four conditions are equivalent.
Proof. (1)⇒(2) Let 0 6= ϕ : M̂ → M̂ be an endomorphism such that Kerϕ ≤ess M̂ . Since
E(M) is injective, there exists ϕ : E(M) → E(M) such that ϕ(M̂) = ϕ(M̂ ). Hence
Kerϕ ≤ Kerϕ. This implies that Kerϕ ≤ess E(M). Thus E(M) is not K-nonsingular.
(2)⇒(3) Since M̂ is a K-nonsingular quasi-injective module, EndR(M̂) is a von Neumann
regular ring [21, 22.1]. It follows from Lemma 2.20 that M is polyform.
(3)⇒(4) Just note that M̂ = M̂ . Hence by Lemma 2.20 M̂ is polyform.
(4)⇒(2) It follows from the fact that every polyform module is K-nonsingular.
Now, assume that M is not contained in Kerϕ for all 0 6= ϕ ∈ EndR(E(M)).
(4)⇒(1) Let 0 6= ϕ : E(M)→ E(M) such that Kerϕ ≤ess E(M). Hence 0 6= Kerϕ∩M ≤ess
M . By hypothesis ϕ|M 6= 0. Note that ϕ|M : M → M̂ and Kerϕ|M = Kerϕ ∩ M .
But Kerϕ|M ≤
ess M which is a contradiction because M̂ is polyform. Thus E(M) is
K-nonsingular. 
Remark 2.22. It is not difficult to see that for a nonsingular module, the four conditions in
Lemma 2.21 are equivalent.
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Recall that a submoduleN of a moduleM is said to be essentially closed if N ≤ess L ≤M
then L = N .
Proposition 2.23. Let M be a module. If E(M) is abelian endoregular then M is polyform,
every essentially closed submodule of M is fully invariant and EndR(M) is a reduced ring.
Proof. Since E(M) is endoregular, E(M) is K-nonsingular and by Lemma 2.21 M is poly-
form. Moreover, S = EndR(M) can be embedded in T = EndR(E(M)) as subring. This
implies that S is a reduced ring. Let N ≤ M be an essentially closed submodule. There
is a decomposition E(M) = K ⊕ L such that N ≤ess K. Then N ≤ess K ∩M ⊆ M . This
implies that N = K ∩M . On the other hand, since K ≤⊕ E(M), K is fully invariant in
E(M) (Proposition 2.9). Hence N = K ∩M is fully invariant in M . 
Theorem 2.24. Consider the following conditions for a module M :
(1) M̂ is an abelian endoregular module;
(2) M is polyform, every essentially closed submodule of M is fully invariant and
EndR(M) is a reduced ring.
Then (1)⇒(2). Moreover, if M is retractable then the converse holds.
Proof. (1)⇒(2) This is similar to the proof of Proposition 2.23.
Now suppose M is retractable. (2)⇒(1) Since M is polyform and retractable, S =
EndR(M) can be embedded in T = EndR(M̂) as subring and SS is essential in TS [22, 11.5].
By Lemma 2.20, T is a von Neumann regular ring. Let 0 6= ϕ ∈ T such that ϕ2 = 0. Since
SS ≤
ess TS , there exists ψ ∈ T with ψ(M) ⊆ M such that 0 6= ϕψ(M) ⊆ M . On the
other hand, ϕψ(M̂ ) ≤⊕ M̂ because M̂ is endoregular. Since M is polyform, ϕψ(M̂ )∩M is
essentially closed in M . Therefore, ϕψ(M̂ ) ∩M is fully invariant in M . Hence
ψϕψ(M) ⊆ ψ(ϕψ(M̂ ) ∩M) ⊆ ϕψ(M̂ ) ∩M.
This implies that (ϕψ)2(M) = 0. Since S is reduced, ϕψ = 0, contradiction. Thus ϕ = 0.
Therefore T is an abelian regular ring because T is regular and has no nonzero nilpotent
elements [11, Theorem 3.2]. 
The following corollary characterizes those rings whose maximal ring of quotients is
abelian regular. The characterization of these rings is due to Renault and Utumi (see [18,
Ch.XII, Proposition 5.2]). Note that for a ring R, we have that R̂ = E(R) and when R is
nonsingular Qmax(R) ∼= EndR(E(R)).
Corollary 2.25. The following conditions are equivalent for a ring R:
(a) Qmax(R) is an abelian regular ring.
(b) R is a nonsingular reduced ring and every essentially closed right ideal is two-sided.
Corollary 2.26. If R is an abelian regular ring then Qmax(R) is abelian regular.
3. Abelian endoregular modules as subdirect products
Recall that a module M is said to be a subdirect product of the family {Ni}I if M is a
submodule of
∏
I Ni such that the canonical projections restricted to M are surjective. In
some results we will use the concept of (quasi-)duo modules. Recall that a module M is
(quasi -)duo if every (maximal) submodule is fully invariant.
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Proposition 3.1. Let M be a quasi-duo module. If M is a subdirect product of simple
modules then the idempotents in EndR(M) are central. In particular, if M is endoregular
then M is abelian endoregular.
Proof. By hypothesis there exists a monomorphism α : M →
∏
j∈J Sj with Sj simple, such
that πjα are surjective for every j ∈ J where πj are the canonical projections. Hence
Kerπjα is a maximal submodule of M . Since M is quasi-duo, Kerπjα is fully invariant.
Let ϕ :M →M be any endomorphism. Since Kerπjα is fully invariant in M , ϕ induces an
endomorphism ϕj : Sj → Sj such that ϕjπjα = πjαϕ. This defines a ring homomorphism
Θ : EndR(M)→
∏
j∈J
EndR(Sj)
given by Θ(ϕ) = (ϕj). Suppose Θ(ϕ) = 0, i.e., ϕj = 0 for all j ∈ J . Then πjαϕ = 0
for all j ∈ J . This implies that αϕ = 0. Since α is a monomorphism, ϕ = 0. Thus Θ is
a monomorphism. Hence, EndR(M) is a subring of a direct product of division rings. It
follows that every idempotent in EndR(M) is central. As a consequence, ifM is endoregular
then M is an abelian endoregular module. 
The following example shows that the hypothesis on M of being a quasi-duo module is
not superfluous.
Example 3.2. Let M = R ⊕ R. Hence M is a subdirect product of simple modules but
M is not quasi-duo. We have that EndR(M) = Mat2(R) which is a von Neumann regular
ring but it is not abelian regular. Hence M is an endoregular module but it is not abelian
endoregular.
Corollary 3.3. Let M be an endoregular quasi-duo module. If Rad(M) = 0 then M is an
abelian endoregular module.
A submodule of an M -generated module is called M -subgenerated. The full subcategory
of R-Mod consisting of all M -subgenerated modules is denoted by σ[M ]. Note that, if
M = R then σ[M ] = R-Mod. This category is a Grothendieck category as is shown in [21].
In [21, 18.3] is proved that M is M (I)-projective for every index set I if and only if M is a
projective object in σ[M ]; and a finitely generated module M is projective in σ[M ] if and
only if M is M -projective (quasi-projective). A module M is a generator of σ[M ] if every
module in σ[M ] is M -generated. It is not difficult to see that if a module is semiprime
(Definition 1.11) and projective in σ[M ] then M is retractable [5, Lemma 1.24].
Lemma 3.4. Let M beM (I)-projective for every index set I. IfM is an abelian endoregular
module then every prime submodule is a maximal submodule. Moreover M is a quasi-duo
module.
Proof. Let P ≤M be prime inM . Since P is fully invariant, every endomorphism ϕ : M →
M defines an endomorphism ϕ :M/P →M/P . Then, there exists a ring homomorphism
Θ : EndR(M)→ EndR(M/P ).
Note that Θ is surjective because M is quasi-projective. Since M is projective in σ[M ],
M/P is projective in σ[M/P ] by [20, Lemma 9]. We have M/P is a prime module, hence
ABELIAN ENDOREGULAR MODULES 15
EndR(M/P ) is a prime ring by [13, Lemma 5.9]. This implies that KerΘ is a prime ideal
of EndR(M). Therefore EndR(M/P ) is a division ring by [11, Thorem 3.2]. Since M/P
is retractable, M/P is a simple module by [12, Proposition 4.12]. Thus, P is a maximal
submodule.
Let M be a maximal submodule of M . Then P =
⋂
{Kerϕ | ϕ ∈ HomR(M,M/M)} is
prime in M by [13, Proposition 3.4] and P ≤ M. But P is a maximal submodule. Hence,
M = P . Thus, M is quasi-duo. 
Remark 3.5. From last proposition and Lemma 1.13, we can see that for an abelian en-
doregular module M such that M is M (I)-projective for every index set I, a submodule P
of M is prime in M if and only if P is a maximal submodule.
Theorem 3.6. Consider the following conditions for a module M :
(1) M is a quasi-duo endoregular module andM is a subdirect product of simple modules.
(2) M is an abelian endoregular module and Rad(M) = 0.
Then (1)⇒(2). If M is M (I)-projective for every index set I then the two conditions are
equivalent.
Proof. (1)⇒(2) Suppose there exists a monomorphism α : M →
∏
j∈J Sj with Sj simple,
such that πjα are surjective for every j ∈ J where πj are the canonical projections. Note
that 0 = Kerα =
⋂
j∈J Kerπjα and each Kerπjα is a maximal submodule of M . Therefore
Rad(M) ⊆
⋂
j∈J Kerπjα = 0. It follows from Proposition 3.1, M is an abelian endoregular
module.
Now suppose that M is M (I)-projective for every index set I.
(2)⇒(1) By Lemma 3.4, M is quasi-duo. Since Rad(M) = 0, the canonical homomorphism
α : M →
∏
P∈Spec(M)
M/P
is a monomorphism (Remark 3.5). By Lemma 3.4, each M/P is a simple module. Let πP
denote the canonical projections. It is clear that πPα is surjective for all P ∈ Spec(M). 
The implication (2)⇒(1) in Theorem 3.6 may not be true if we do not impose the pro-
jectivity condition on M or if Rad(M) 6= 0 as the following examples show.
Example 3.7. (i) Consider QZ. It can be seen that QZ is not quasi-projective. On the
other hand, QZ is an abelian endoregular module. Note that QZ is not a subdirect
product of simple modules.
(ii) Let R =
(
Z2 Z2
0 Z2
)
and e1 = ( 1 00 0 ) ∈ R. Consider the module M = e1R =
(
Z2 Z2
0 0
)
.
Note that Rad(M) 6= 0. Since EndR(M) ∼= Z2,M is a projective abelian endoregular
module. However M is not a subdirect product of simple modules.
Corollary 3.8. The following conditions are equivalent for a von Neumann regular ring R:
(a) R is an abelian regular ring.
(b) R is a quasi-duo ring and R is a subdirect product of simple R-modules.
Recall that a module M is said to be co-semisimple if each simple module (in σ[M ]) is
M -injective. In the ring case, this concept is known as right V-ring. In [10] the authors
present some results about modules whose endormorphism rings are V-rings.
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Proposition 3.9. Let M be a finitely generated quasi-projective module. The following
conditions are equivalent:
(a) M is abelian endoregular and a generator of σ[M ].
(b) M is co-semisimple and quasi-duo.
(c) M is duo and a generator of σ[M ] such that every cyclic submodule is a direct
summand.
Proof. (a)⇒(b) Since every abelian regular ring is a V-ring, by [10, Corollary 2.4] M is
co-semisimple. By Lemma 3.4 M is quasi-duo.
(b)⇔(c) It follows from [13, Proposition 5.13].
(c)⇒(a) We claim that S = EndR(M) is a von Neumann regular ring. Let f ∈ S. We
have fSM = f(M). Since f(M) is finitely generated f(M) ≤⊕ M [19, Remark 6.1], that
is, M = fSM ⊕N for some N ≤ M . On the other hand, fS = HomR(M,fSM) because
M is quasi-projective. Hence,
S = HomR(M,fSM)⊕HomR(M,N) = fS ⊕HomR(M,N).
Thus S is a von Neumann regular ring, that is, M is endoregular. Since M is duo, M is
abelian endoregular by Proposition 2.9. 
Corollary 3.10. The following conditions are equivalent for a ring R:
(a) R is an abelian regular ring.
(b) R is a quasi-duo V -ring.
(c) R is a duo von Neumann regular ring.
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